A combined numerical±experimental method for the identi®cation of six elastic material modulus of generally thick composite plates is proposed in this paper. This technique can be used in composite plates made of dierent materials and with general stacking sequences. It makes use of experimental plate response data, corresponding numerical predictions and optimisation techniques. The plate response is a set of natural frequencies of¯exural vibration. The numerical model is based on the ®nite element method using a higher-order displacement ®eld. The model is applied to the identi®cation of the elastic modulus of the plate specimen through optimisation techniques, using analytical sensitivities. The validity, eciency and potentiality of the proposed technique is discussed through test cases. Ó
Introduction
The dynamic free vibration behaviour of a structure made of anisotropic materials depends on its geometry, density, boundary conditions and elastic constants. Hence, a non-destructive method for the determination of the elastic constants of the materials that make up the structure can be developed. The method combines experimental results of a free vibration test with a numerical model capable of predicting the dynamic free vibration behaviour of the structure and makes use of optimisation techniques.
Thus, it becomes necessary to use an error measure that expresses the dierence between experimental and numerical eigenvalues. This error measure is then minimised with respect to the elastic modulus of the dierent materials.
This work is a generalisation of the work presented by Mota Soares and coworkers (see e.g., [1, 2] ) using the Mindlin plate theory along with a ®nite element model, and Ara ujo et al. [3] using a higher-order displacement ®nite element model. It has the innovative aspect of contemplating identi®cation of mechanical parameters of specimens having layers made up of several materials and general stacking sequences. It is closely related to the developments presented by Pedersen [4] for thin plates using the classical plate theory and Frederiksen [5] for thick plates using a higher-order theory associated to a numerical model based on the Rayleigh±Ritz approach for symmetric lay-ups and specimens made of a single material. Other research works that also use the Rayleigh±Ritz method along with the classical plate theory were presented by Wilde and Sol [6] , Sol [7] and Wilde [8] , using Bayesian estimation instead of optimisation techniques for symmetric single material laminates. Lai and Ip [9] presented a method, using the Kirchho plate theory, which takes into account both the con®dence associated with mathematical modelling and parameter estimates. This last technique has been validated satisfactorily on symmetric single material laminates. In fact, in more recent works, priority is given to assessment of uncertainties. In [10] , these questions are addressed based on statistics. More recently, a method based on response surfaces has been used by Rikards and coworkers (see e.g., [11, 12] ) and Bledzki et al. [13] . This technique commonly called planning of experiments was used successfully to identify elastic properties in unidirectional laminates.
The use of model updating techniques for the identi®cation of mechanical properties of laminates was also presented by Cunha and Piranda [14] , applied to sandwich composite structures.
An overview of dierent approaches on combined numerical±experimental identi®cation methods with the goal of obtaining material stiness for composite structures, based on eigenfrequencies and optimisation, is carried out by Pedersen [15] .
Numerical model
The eigenvalue problem and the sensitivity analysis are carried out using a third-order shear deformation theory whose pioneering works are described in [16, 17] and has been applied to discrete ®nite element models by Mallikarjuna and Kant [18] , among others. Full details regarding the model development and implementation for dynamics can be found in [19, 20] . Fig. 1 shows a rectangular plate of constant thickness h and plane dimensions a and b. A Cartesian coordinate system xY yY z is located at the middle plane as shown.
The assumed displacement ®eld is a third-order expansion in the thickness coordinate for the in-plane displacements and a constant transverse displacement: uxY yY zY t u 0 xY yY t zh x xY yY t As for the constitutive relations, considering a plane stress analysis and a linear elastic material, it can be shown that, for a laminae of orthotropic material in the 1Y 2Y 3 coordinate system (Fig. 2) , the stress±strain relation is
with the following constitutive matrix:
The non-dimensional parameters in Eq. (3) are de®ned as [5, 21] (Fig. 2) , G 12 Y G 23 and G 13 are the transverse shear modulus in planes 1±2, 2±3 and 1±3 (3 perpendicular to 1±2 plane), respectively, and m 12 is the major Poisson's ratio.
The inverse relations of Eq. (4) can be written as For a laminae in the xY yY z coordinate system (Fig. 2) , the stress±strain relations are Assuming small displacements and using HamiltonÕs variational principle along with an eight node isoparametric plate element with nine degrees of freedom per node, corresponding to the nine expansion terms in the displacement equation (1), we obtain the following equilibrium equation for free harmonic vibrations at the element level:
where K e and M e are the element stiness and mass matrices, respectively, and a e i are the eigenvectors associated to the eigenvalues k e i , at the element level. Second degree serendipity shape functions were used to interpolate the displacement ®eld within an element [22] .
The equilibrium equation for the whole discretised plate assumed free in space is therefore [23] 
where K and M are the stiness and mass matrices of the plate, and a i the eigenvector associated to the numerical eigenvalue k i . In order for the stiness matrix to be positive de®nite, a shift bM is applied to it (usually b is of the same magnitude as the ®rst nonzero eigenvalue).
Experimental method
The experimental eigenfrequencies of a completely free plate are obtained using the experimental setup shown in Fig. 3 .
In practice a truly free support cannot be provided. However, a suspension which closely approximates this condition can be achieved by supporting the test plate on light elastic bands so that the rigid body modes have very low natural frequencies in relation to those of the bending modes. These elastic bands were simply glued to the plate edge (approximately at the mid points of two neighbour edges).
The simplest and fastest way to excite the vibration modes of a plate is the impulse technique, so a hand held hammer was used to impact the plate and the force transducer attached to the hammer head measures the input force.
A condenser microphone was used to measure the plate response. The microphone is placed in a small table stand perpendicular to the plate.
The analog signals from the impact hammer and microphone were fed into a dual channel signal analyser. Both signals are low-pass ®ltered, sampled and subjected to appropriate time weighting functions. The weighting is important in order to reduce noise and avoid a leakage error caused by the truncation of the sampled time signal. The signals are fast Fourier transformed and divided to obtain the frequency response function (FRF). All of these steps are handled by the signal analyser.
The digital process described above results in a discrete spectrum which contains a ®nite number of values for the FRF. The FRF is generally a complex valued function and a peak usually indicates the presence of a natural frequency, however, the frequency of maximum response is not an accurate estimate of the natural frequency. First of all, the spectrum is discrete with a certain resolution and the peak value may not rely entirely on a single point. The second most serious reason is that neighbouring modes contribute a certain amount to the total response at the resonance of the mode being analysed. Finally, the third reason is that the values of the FRF include damping, which aects slightly the resonant frequencies. To deal with these problems, re®ned modal analysis methods have been developed. In this work the rational fraction polynomial (RFP) method as described in [24] was used for the curve ®tting process on a personal computer suited with an interface card.
The identi®cation method
The problem of identifying mechanical properties of composite plate specimens involves the comparison of the experimental results described in the previous section with the results produced by the numerical method. In a laminate made out of M dierent materials the mechanical properties that are to be identi®ed for ma- This problem is solved using optimisation techniques by minimising an error estimator U, which expresses the dierence between the response of the numerical model and the corresponding experimental results. In Fig. 4 , a schematic representation of the identi®cation method is presented, where index k represents the current iteration and r e represents the experimental response:
wherek i x 2 i are the experimental eigenvalues and I is the total number of measured experimental eigenfrequencies.
The response of the numerical model is
i are the eigenvalues obtained through this model and p is the vector of design variables:
in which a i contains the non-dimensional material parameters for material i,
The non-dimensional material parameters for material i are de®ned using Eq. (4):
It should be noted that, in Eq. (14), the superscript i was added to the non-dimensional parameters of Eq. (4) with the purpose of referencing the dierent materials in the laminate. In Eq. (14), 0 E i 1 is the initial guess for the longitudinal YoungÕs modulus of material i.
Error measure
In order to establish an eective comparison between experimental results and the response of the numerical model it is necessary to de®ne an error measure that, in general, can be of the following form [25] :
The weighting matrix W r expresses the con®dence on the measured natural frequencies while the weighting matrix W p takes into consideration the reliability of the initial estimate p 0 . Of the two terms in Eq. (15), the ®rst one represents the gap between the model response and the experimental one and the second one represents the deviation between the initial guess for the non-dimensional parameters and the real parameters that are to be determined. Each one of these terms is an L2 error estimator, weighted by W r and W p .
For the sake of simplicity it was decided to use only the ®rst term of Eq. (15), with W p 0 and with the following response weighting matrix:
in which w i P 0Y 1 are weighting factors that express the con®dence level in each eigenfrequency i, the error measure in Eq. (15) can be rewritten as
Eq. (17) can easily be identi®ed as a weighted leastsquares error estimator. 
The minimisation problem
The problem of identifying mechanical properties of composite materials can be formulated as a minimisation problem:
min [5, 21] ,
in which g i are the vectors that contain the six constraints associated with material i,
with the following components:
which can be expressed in terms of the physical constants:
The minimisation problem formulated above is solved using non-linear mathematical programming techniques. To carry out the constrained minimisation a feasible directions non-linear interior point algorithm developed by Herskovits [26] is used. The choice of this algorithm was made by one very important reason: the objective function cannot be de®ned at infeasible points, since the stiness matrix is only positive de®nite at interior points.
Sensitivity analysis
The minimisation described in the previous section demands the sensitivities of the objective function U. Sensitivity analysis consists in determining, for a given perturbation dp in the design variables, the variation dU of the objective function:
If we dierentiate Eq. (17) with respect to p we obtain
The problem of sensitivity evaluation is therefore reduced to the evaluation of the derivatives of the eigenvalues k i in order to design variables p. From the equilibrium equation (10) (with b 0) it is possible to obtain the components of ok i aop (with the eigenvectors a i mass-normalised):
In the present case the mass matrix does not depend on the design variables, hence
It is desirable, for the sake of computational eciency, to evaluate Eq. (26) at the element level, adding the contribution of all the elements:
where NE is the total number of elements in which the plate is discretised. The evaluation of the derivatives of the element stiness matrix is performed analytically, considering that only the elasticity matrices depend on the design variables.
Results showing the quality of sensitivities for a plate made up of two dierent materials have been published by Ara ujo et al. [27] . These results show that the technique described here can be applied with con®dence in the optimisation of material parameters of composite materials.
Applications
The following examples illustrate the application of the method described in the previous sections. For each example the experimental eigenfreqencies are presented, as well as the corresponding percentage residuals at the optimum:
Each identi®cation set of results is compared with strain gauge measurements. It is assumed that weight factors w i 1 were used in all examples, except otherwise speci®ed. A 12 Â 12 ®nite element mesh is used for all the examples. Example 1. Four IM7 carbon ®bre reinforced epoxy resin 977-2 (Fiberite) plate specimens (S), made of unidirectional ®bres with a nominal thickness of 0.135 mm for 60% f , with stacking sequences · 45°3Y 0°3Y À45°3Y 90°3 s (S1.1), · 45°Y 0°Y À45°Y 90°Y 45°2Y 0°2Y À45°2Y 90°2 s (S1.2), · 45°4Y À45°4Y 0°3Y 90° s (S1.3) and · 45°3Y À45°3Y 0°5Y 90° s (S1.4) were studied. The specimens dimensions and masses are: · S1.1: a 210X5 mm, b 311 mm, h 3X06 mm, m 0X3225 kg; · S1.2: a 210X5 mm, b 311 mm, h 3X07 mm, m 0X3232 kg; · S1.3: a 210 mm, b 311 mm, h 3X04 mm, m 0X320 kg; · S1.4: a 210X5 mm, b 310X5 mm, h 3X09 mm, m 0X3252 kg.
The initial guess for the elastic constants corresponds to a typical unidirectional layer of carbon ®bre reinforced epoxy resin with 50% f :
In Table 1 it can be seen that, for specimens S1.2 and S1.3, there are some experimental frequencies that were not detected. So, the weighting factor associated with these were w i 0. Identi®cation results are presented in Table 2 along with strain gauge test results on specimens with unidirectional layers made of the same material. All the identi®ed properties are in good agreement with the tensile test results, except for the major PoissonÕs ratio m 12 , whose values present a pronounced oscillation and do not agree satisfactorily with the strain gauge test results. The initial guess for the elastic constants corresponds to a typical unidirectional layer of E glass reinforced epoxy resin with 50% f :
Identi®cation results are presented in Table 3 . Some tensile test results are presented and compared with global identi®ed results in Table 4 . The global identi®ed mechanical properties are obtained using the procedure described in Appendix A. The values obtained in this example for the mechanical properties are in relatively good agreement with each other, except for the major PoissonÕs ratio m 12 and the transverse shear modulus G 13 and G 23 . A good agreement is obtained between the global identi®ed and the tensile test results, with very low residual level as shown in Table 5 .
Example 3. A mixed glass/carbon (g/c) ®bre reinforced epoxy plate specimen with plies made of unidirectional ®bres, respectively, of E glass in a R368 resin (Structil) with a nominal thickness of 0.130 mm for 60% f and T300 carbon ®ber in an epoxy resin R367 (Structil) with a nominal thickness of 0.327 mm for 60% f , with a stacking sequence 0°cY 90°gY 0°cY 90°2 g Y 0°cY 90°g s was studied. The specimen dimensions and mass are: · a 192X5 mm, b 292 mm, h 3X83 mm, m 0X3369 kg. The prepregs used to build these specimens are: Structil 200 g/m 2 VEE 2 20 R368 for glass plies and Structil 350 g/ m 2 CTE 2 35 R367 for carbon plies. Hence, the initial guess for the elastic constants of the glass plies corresponds to a typical layer of this unidirectional glass with 50% f :
while the initial guess for the elastic constants of the carbon plies corresponds to a typical layer of this unidirectional carbon with 50% f :
The ®rst step was to obtain the global properties of the specimen, using in the numerical model only one equivalent single layer (ESL). The second step was to calculate the ®bre volume for carbon and glass plies as well as the epoxy matrix volume, using the nominal and actual thickness of the specimen and data available from Structil. With the obtained data it is then possible to estimate the correct thickness for each material ply, as well as relative densities, based on the assumption that the epoxy matrix distribution is proportional to the nominal thickness of each layer.
Finally a complete model (CM) of the plate specimen was used in order to identify the properties of each material layer.
Results for global properties using the ESL and the CM are presented in Table 6 , while individual layer results are presented in Table 7 .
The measured natural frequencies and residuals obtained after identi®cation for the two described situations are presented in Table 8 .
It can be seen that the identi®ed E x for the ESL model is quite good when compared with the equivalent one determined through tensile testing of a specimen using a strain gauge. Concerning the results for the CM, the values of the global E x , which were calculated using the identi®ed properties for each layer in accordance with the procedure described in Appendix A, present a worst agreement with the tensile test results than those obtained through the global model (ESL). We think that this is due to the uncertainties in determining the correct thickness, and consequently the matrix and ®bre volume distribution of the glass and carbon plies on hybrid composite panels, that aect the ply elastic properties and density.
Although one could conclude that the number of experimental natural frequencies is not enough for the 12 design variables involved, it can be seen in Fig. 5 that this might not be the case. 
Conclusions
A non-destructive numerical±experimental method for the identi®cation of up to six elastic constants per material on composite plate specimens made up of different materials has been discussed. The method is based on a numerical higher-order ®nite element model, using analytical sensitivities, as well as on experimental nondestructive free vibration analysis.
The mechanical properties evaluated through this technique are valid on average for the entire specimen, whereas the classical tensile test measurements are only valid in a speci®c point of the test specimen.
The mechanical properties E 1 Y E 2 and G 12 are always evaluated without major discrepancies in single-material plates.
As for the transverse shear modulus G 13 and G 23 , the plates tested in this work are not thick enough for them to be correctly identi®ed. Thus, the identi®ed values of the transverse shear modulus can be disregarded as the sensitivity to these modulus is very low. As for the major PoissonÕs ratio m 12 , some discrepancies are found in the test cases. This can be explained if we consider the results of a sensitivity analysis carried out by Frederiksen [5] , according to which the sensitivity of m 12 is very small when compared to the sensitivities of the other in-plane mechanical properties. This is specially pronounced for the most strongly anisotropic specimens presented, as can be seen in specimen S1.3.
Regarding the identi®cation of mechanical properties in composite plates made up of layers with dierent materials, more tests are required in order to explain the discrepancies found.
Finally, the non-linear interior point algorithm used in the optimisation phase proved to be very robust and ecient. The CPU times involved in the overall process of identi®cation are of the order of 10±20 min using a personal computer equiped with a 450 MHz Pentium II processor and 128 MB RAM. Appendix A
The global properties of a laminate, in the xY yY z coordinate system, can be obtained using the procedure described herein [19, 21] .
Let C be the matrix that relates membrane and transverse shear forces with the corresponding membrane deformations and distortions:
where L is the layer number, NL the total number of layers and h L can be depicted from Fig. 6 . Matrix c is the same as de®ned in Eqs. (7) and (8) .
By inverting C and pre-multiplying the inverse by the thickness of the laminate we obtain 
where E x and E y are the global Young modulus in the xand y-directions, respectively, G xy Y G xz and G yz the transverse shear modulus in planes xy, xz and yz, respectively and m xy and m yx are PoissonÕs ratios in the xy plane. As for the remaining quantities, they are the mutual in¯uence and Chentsov coecients [21] .
